11.4, Q48

11.4, Q50

11.4, Q54

MATH 2010 Advanced Calculus I
Suggested Solutions for Homework 2

Find the volume of a parallelepiped with one of its eight vertices at A(0,0,0), and three adjacent
vertices at B(1,2,0),C(0,—3,2) and D(3,—4,5).

Solution Note that

—

AB=(1,2,0), AC=(0,-3,2), AD=(3, —4,5).

Then
1 2 0
(ABx AC)-AD =0 -3 2 :‘:Z g’ 2‘2 ?‘—5
3 —4 5
and

volume = |(AB x AC) - AD| = 5.

Find a concise 3 x 3 determinant formula that gives the area of a triangle in the zy-plane having
vertices (aq, as), (b1, by), and (¢, ¢3).
Solution
If A= (ay, as), B = (b1, bs) and C' = (c1, ¢2), then the area of the triangle ABC'is %|A_B x AC).
Since
i j k
AB x AC = bl—al b2_a2 0=k

Ci —ap Co —ag 0

by —a; by —aq
€1 —ap Co— a2

then

1 - - 1
§’AB X AC’ = él(bl — al)(CQ — CLQ) — (bg — CLQ)(Cl — al)\

1
= §|a1(b2 — o) + ag(c1 — by) + (brea — c1b9))|

1 ap das 1
=—1by by 1].
2
C1 (9 1

A=(-1,2,3), B=(2,0,1), C=(1,-3,2), D=(-21,-1).
Solution Note that

AB = (3, -2, -2), AC = (2, =5, —1), AD = (-1, —1, —4).

Then
3 -2 =2
(ABx AC)-AD=1]2 -5 —1/=253
-1 -1 -4

Hence the volume of tetrahedron determined by A, B,C and D is %3.



11.5, Q8

11.5, Q10

11.5, Q22

11.5, Q28

The line through (2,4, 5) perpendicular to the plan 3z 4+ 7y — 5z = 21.
Solution

Note that n = 3i+7j — 5k is normal the plane 3x+ 7y —5z = 21. Then the parametric equations
for the lines through (2,4, 5) parallel to n is

r=2+3, y=4+7Tt, z=>5—D>5t.

The line through (2, 3, 0) perpendicular to the vectors u =i+ 2j + 3k and v = 3i + 4j + 5k
Solution

The direction is parallel to u x v.

— —2i4+4j— 2k
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The line is
r=2-2t, y=3+4t, =z= -2,

The plane through (1, —1, 3) parallel to the plane 3z +y + 2z =7,
Solution

The vector n = 3i + j + k is normal to the planes which parallel to the plane 3x +y + 2z = 7.
Therefore the plane through (1, —1, 3) and normal to n = 3i + j + k is given by

r—1)+1(y+1)+1(z—3)=0=3z+y+ 2z =5.

Find the intersection of lines
r=t, y=—-t+2, z=t+1

r=25s4+2, y=s+3, z=5s+6
and then find the plane determined by these lines.
Solution

The intersection lies in both lines, then we have
r=1=2s+2, y=—-t+2=s+3

which derives s = —1 and ¢ = 0. Hence the intersection is (0, 2, 1).

Let n; =i—j+ k and ny = 2i + j 4 5k are directions of above two lines. A vector normal to
the plane determined by these lines is

i j k
n; xng =1 —1 1| =—6i—3j+ 3k
2 1 5

Hence the plane is

—6(z—0)—3(y—2)+3(z—1)=0 = —6x—3y+3z=-3.



11.5, Q36

11.5, Q40

11.5, Q72

Find the distance from the point P(2, 1, —1) to the line
r=2t, y=1+2t, =z=2t.

Solution

We see from the equation that the line pass through the point O(0, 1, 0) and parallel to v =
2i + 2j + 2k. Then

ij k
OPxv=|2 0 —1|=2i—6j+4k.
2 2 2
and the distance is .
OP xv| /22 + 2+42 V14

d = — .
v V22 +22 +22 V3

Find the distance from the point P(0, 0, 0) to the plane

3r + 2y + 62 = 6.

Solution

It is clear that O(2, 0, 0) is on the plane and n = 3i + 2j + 6k is normal to the plane. Then
OP = (-2, 0, 0)

and the distance is
= 0P 2] = || =
0| 32 + 22 + 62 7
How can you tell when two planes Ajxz + By + C1z = Dy and Asx + Boy + Cyz = Dy are
parallel? Perpendicular? Give reasons for your answer.
Solution

The planes are parallel when either vector Aii+ B1j + C1k or Asi + Bsj + Csk is a multiple of
the other or when
(Ali + Blj + Clk) X (Agi + ng + CQk) =

The planes are perpendicular when their normals are perpendicular, or

(A1i+ Bij+ Cik) - (A2i+ Byj + Cok) =0



